Abstract. In this article, we prove that the double inequality
Introduction
, where sinh −1 (x) = log(x + √ x 2 + 1) is the inverse hyperbolic sine function. Recently, the Neuman-Sándor mean has been the subject of intensive research. In particular, many remarkable inequalities for the Neuman-Sándor mean can be found in the literature [1, 2] .
Let Neuman and Sándor [1, 2] established that
hold true for all a, b > 0 with a = b. Let 0 < a, b < 1/2 with a = b, a ′ = 1 − a and b
and L −1 (a, b) = (b−a)/(log b−log a) be the th generalized logarithmic mean of a and b. Li et al. [3] showed that the double inequality L p0 (a, b) < M (a, b) < L 2 (a, b) holds true for all a, b > 0 with a = b, where p 0 = 1.843 · · · is the unique solution of the equation (p + 1) 1/p = 2 log(1 + √ 2). In [4] , Neuman proved that the double inequalities
The main purpose of this paper is to find the least value α and the greatest value β such that the double inequality
holds for all a, b > 0 with a = b.
Our main result is presented in Theorem 1.1.
holds true for all a, b > 0 with a = b if and only if α ≥ 5/9 and
Lemmas
In order to prove our main result we need a lemma, which we present in this section.
Then ϕ 5/9 (t) < 0 and ϕ λ0 (t) > 0 for all t ∈ (0, 1).
Proof. From (2.1), we have
where
We divide the proof into two cases. Case 1: p = 5/9. Then (2.5) leads to
We divide the discussion of this case into two subcases. Subcase 1.1: t ∈ (0, 3/4]. Then from (2.8) we clearly see that
Differentiating µ(t) yields
From (2.10) and scientific computation we know that there exists unique t 1 = 0.25869 · · · in (0, 3/4] satisfying the equation µ ′ (t 1 ) = 0. It follows from (2.11) that µ ′′ (t 1 ) = 768.33 · · · > 0 and t 1 is a unique extreme minimum point of µ(t) in (0, 3/4]. Therefore we obtain (2.12)
Inequalities (2.9) and (2.12) lead to the conclusion that
From (2.13) we get h 5/9 (1) = 72, (2.14) Inequalities (2.23)-(2.26) implies that η(t) < 0 for t ∈ (3/4, 1). From (2.8), (2.13), (2.14) and (2.22), we see that g 5/9 (t) is strictly increasing in (3/4, 1). So we obtain g 5/9 (t) < g 5/9 (1) = 0 for 3/4 < t < 1.
Combining the last conclusions in subcases 1.1 and 1.2 we have (2.27) g 5/9 (t) < 0 for all t ∈ (0, 1).
Therefore, ϕ 5/9 (t) < 0 for all t ∈ (0, 1) follows easily from (2.2), (2.4), (2.6), (2.7) and (2.27). 
We divide the discussion of this case into two subcases. 
From (2.23) and (2.35) one has (2.36)
. It follows from (2.31) and (2.32) together with (2.36) that 
Inequalities (2.36) and (2.39) give
Subcase 2.2: t ∈ (1/2, 1). Then (2.31) leads to
It follows from (2.40) and scientific computation that there exists unique t 5 = 0.8322 · · · in (1/2, 1) satisfying the equation C ′ (t 5 ) = 0. Then (2.41) leads to the conclusion that C(t) is strictly increasing in (1/2, t 5 ] and strictly decreasing in (t 5 , 1). Hence, we have
On the other hand, equation (2.34) gives
Equations (2.43)-(2.45) imply that there exists t 6 ∈ (1/2, 1) such that D ′ (t) is strictly increasing in (1/2, t 6 ] and strictly decreasing in [t 6 , 1). Therefore, we have
.229 · · · > 0 for t ∈ (1/2, 1), which implies that D(t) is strictly increasing in (1/2, 1) .
From the monotonicity of D(t) in (1/2, 1) and C(t) in (1/2, t 5 ] together with (2.42) we know that C(t)/ √ 2 − t 2 +D(t) is strictly increasing in (1/2, t 5 ]. Equations (2.30)-(2.32) lead to
It follows from (2.30) and (2.46) together with the monotonicity of C(t) in (1/2, t 5 ] that there exists t 7 ∈ (1/2, t 5 ) such that f ′ λ0 (t) < 0 for t ∈ (1/2, t 7 ) and f ′ λ0 (t) > 0 for t ∈ (t 7 , t 5 ].
If t ∈ (t 5 , 1), then from the monotonicity of C(t) in [t 5 , 1) and D(t) in (1/2, 1) we have
Equation (2.30) and (2.47) lead to f ′ λ0 (t) > 0 for t ∈ (t 5 , 1). Therefore, we know that f ′ λ0 (t) < 0 for t ∈ (1/2, t 7 ) and f ′ λ0 (t) > 0 for t ∈ (t 7 , 1).
Combining the last conclusions in subcases 2.1 and 2.2 we clearly see that f λ0 (t) is strictly decreasing in (0, t 7 ] and strictly increasing in [t 7 , 1). Then (2.4) and (2.29) lead to the conclusion that there exists t 0 ∈ (0, t 7 ) such that ϕ λ0 (t) is strictly increasing in (0, t 0 ] and strictly decreasing in [t 0 , 1).
Therefore, ϕ λ0 (t) > 0 for all t ∈ (0, 1) follows from (2.2) and (2.28) together with the monotonicity of ϕ λ0 (t). 
where ϕ p (t) is defined as in Lemma 2. holds for all a, b > 0 with a = b.
• If p 1 < 5/9, then equations (3.1) and (3. Therefore, we conclude that in order for the inequalities (1.2) to be valid it is necessary and sufficient that α ≥ 5/9 and β ≤ 1 − 1/[2 log(1 + √ 2)] = 0.4327 · · · .
